We propose a methodological approach for a comprehensive and total probabilistic tsunami hazard assessment (T otP T HA), in which many different possible source types concur to the definition of the total tsunami hazard at given target sites. In a multi-hazard and multi-risk perspective, the approach allows us to consider all possible tsunamigenic sources (seismic events, slides, volcanic eruptions, asteroids, etc.). In this respect, we also formally introduce and discuss the treatment of interaction/cascade effects in the T otP T HA analysis and we demonstrate how the triggering events may induce significant temporary variations in short-term analysis of the tsunami hazard. In two target sites (the city of N aples and the island of Ischia in Italy) we prove the feasibility of the T otP T HA methodology in the multi−source case considering near submarine seismic sources and submarine mass failures in the study area. The T otP T HA indicated that the tsunami hazard increases significantly by considering both the potential submarine mass failures and the submarine seismic events. Finally, the importance of the source interactions J. Mar. Sci. Eng. 2015, 3 24 is evaluated by applying a triggering seismic event that causes relevant changes in the short-term T otP T HA.
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Introduction
In recent years the P robabilistic T sunami Hazard Assessment (P T HA) has been proposed in different areas of the globe using different methodologies that can be grouped in:
(a) scenarios ( [1] [2] [3] [4] ); (b) statistical evaluations of the historical earthquakes ( [5] [6] [7] [8] ); (c) statistical analysis of tsunami sources ( [9] [10] [11] ); (d) Bayesian inferences ( [12] [13] [14] .
In (a), the sources are generally identified a priori, neglecting the aleatory uncertainties on tsunami sources. In (b), the probability strongly depends on the catalogue completeness and data availability. In (c, d), the aleatory uncertainty of the sources is considered predominant so that the study is focused on the random nature of the tsunami generation due to the intrinsic unpredictability of the event occurrence. Also, the epistemic uncertainty is often treated explicitly merging many information into a single statistical model through Logic Trees or Bayesian inference, as recently proposed for the cases (b-d).
Most of the P T HAs focus on one single type of tsunami source, usually the seismic sources ( [9, 10, 15, 16] ). However, it has been demonstrated that in many areas, major causes of tsunami are the non-seismic sources, such as mass failures (whether or not triggered by seismic events) ( [17, 18] ), volcanic activity ( [19] [20] [21] [22] [23] [24] [25] ). In particular, volcanic flows ( [26, 27] ), landslides and rock slides on coastal areas ( [28] [29] [30] [31] [32] ) and submarine mass failures ( [33] [34] [35] [36] ) may lead to the catastrophic tsunamis, but very few analyses treated such non-seismic tsunamigenic sources in a probabilistic frame ( [13, 37] ). Meteorite impacts can also trigger tsunamis, even though they are extremely rare events ( [38] ).
In order to provide an unbiased and a complete P T HA, all possible tsunami sources should be considered and combined together and their relative importance properly quantified.
Also, in P T HA a bias may be induced by neglecting an external event that is not significant for tsunami generation but is able to activate another type of tsunamigenic source. This external event is commonly defined a triggering event. Formally including all possible interaction chains, triggers and cascade effects would make the number of conditional hazards to be assessed too large and neither large databases nor theoretical background are available in those cases. As a result, the underestimation of source interactions could result in an underestimation of the hazards. Thus, several simplifications are needed, such as: (i) reducing the analysis to few significant event types; or (ii) considering several single specific cascade scenarios. In case (i) a triggering event may be the volcanic unrest (deformations may produce tsunamigenic landslides), or coastal/submarine earthquakes (that may cause tsunamigenic earthquakes, or landslides); In case (ii) the occurrence of one event possibly affects another hazard.
M ulti-hazard and multi-risk assessments are new approaches ( [39, 40] ) that allow the comparison of different hazards and risks and their interactions, accounting for multiple events that may exponentially increase the impact of disasters on society. Both the comparison of different sources and the interaction/cascade effects are among the most important factors of multi-hazard and multi-risk assessments, as treated in several recent analyses ( [39, 41] ). In this perspective, the P T HA represents a multi-source problem because of the different type of sources (earthquakes, landslides and volcanic eruptions) to be considered in a multi-risk framework (natural, industrial, nuclear, coastal infrastructure risk) since consequences are highly impacting.
Indeed, a multi-source approach for P T HA is fundamental for an unbiased and a complete analysis. Firstly, in the present paper we indicate how to simultaneously deal with different types of tsunamigenic sources in a coherent probabilistic framework by proposing a comprehensive method to provide a T otal P robabilistic T sunami Hazard Assessment (T otP T HA) and evaluating the representativeness of the used tsunamigenic source dataset/catalogue.
Secondly, we pose the problem of interaction/cascade effects considering when they may play a major role in T otP T HA and how to estimate them in short-and long term assessments.
Finally, the applicability of the T otP T HA methodology is exemplified for the city of N aples and the Island of Ischia (Italy), accounting for (1) different types of sources (multi-source approach); and (2) specific triggering event (source interaction approach).
A Comprehensive TotPTHA Methodology
The T otP T HA indicates the comprehensive P T HA in a given target location. Here, the term "comprehensive" means an exhaustive tsunami hazard assessment based on datasets including all sources. In the present methodology the T otP T HA formally merges the P T HAs due to all different types of tsunamigenic sources. The T otP T HA is defined as the probability that in a given exposure time ∆t a selected value z of a tsunami parameter Z is overcome by any possible tsunamigenic source
In Equation (1), the tsunami parameter Z can be referred to any parameter describing the tsunami characteristics and intensity. It can be run-up, velocity, energy, moment flux, wave height, or any other variable required by the tsunami hazard/vulnerability/risk assessment. Previous studies treated the different possible types of tsunamigenic sources separately, producing a P T HA in a specific region, with special emphasis on one type of source, generally the seismic one. If only one type of source is taken into account then only a portion of the total number of tsunamis is considered, leading to a bias in the P T HA analysis due to the neglected types of tsunamigenic sources. This relates to the issue on whether non-seismic sources (or the "non-prevalent" tsunamigenic source) can be ignored.
For example, in a global analysis, about 75% of the historical tsunami are generated by seismic sources and the remaining 25% by non-seismic ones (mass failure, volcanic, meteorological, cosmogenetic, and anthropogenic sources) ( [42] ). Such proportion may drastically change in a particular area where the hazard posed by non-seismic sources is significant. Also, tsunami events generated by non-seismic causes often have a more devastating impact in near-field areas compared to the tsunami caused by seismic sources.
TotPTHA: The Effects of Multiple Source Types of dIfferent Potentially Tsunamigenic Source Events
In the present study, the term Source Type (ST ) indicates a selected set of potentially tsunamigenic sources (e.g., source types refer to submarine seismicity, mass failures, volcanic activity, meteorite impacts, etc.), and the term Source Event (SE) indicates a potentially tsunamigenic event of a specific source type (e.g., a given submarine earthquake with specific fault parameters, magnitude and location).
Given a specific i-th tsunamigenic source type ST i the relative P T HA i indicates the contribution to the T otP T HA
The specific contribution P T HA i can be isolated by conditioning the T otP T HA with respect to the occurrence of the specific ST i .
For example, in the case of seismic sources it is
where E q s means earthquakes and ST i ≡ E q s. The first addend (denoted by E q s) takes into account the tsunamis caused only by earthquakes and the second one (denoted by E q s) the tsunamis occurred even though earthquakes do not occur (i.e., tsunamis generated by different ST s). Locally, the P T HA i due to earthquakes can be considered equivalent to the T otP T HA if, and only if, in Equation (3) the non-earthquake p(Z ≥ z, E q s; ∆t) is negligible respect to the earthquake p(Z ≥ z, E qs ; ∆t). This may happen if we assume negligible the probability of occurrence of the other ST s (the term p(E qs , ∆t) 0 ) and/or the probability of overcoming the selected parameter z due the other ST s (the term p(Z ≥ z|E qs ) 0).
In general, the T otP T HA may be expressed by
where the product over the N T OT types of tsunamigenic ST i (i = 1, ..., N T OT ) represents the probability that none of the ST s produces a value of the tsunami parameter Z larger than z in ∆t. This formulation assumes that the occurrences of the Z values generated by different ST s are mutually independent. This assumption of independence is valid also considering that:
(a) the propagations of different tsunami waves are independent in the case of almost simultaneous events, (b) the sizes of different ST s are independent in the case of triggering events (see paragraph 2.2), and (c) the P T HAs are relative to the next main tsunami event and possible subsequent tsunamis are not included (similarly to other hazard assessments: aftershocks are not examined in P SHAs, [43] , or subsequent eruptions are not encompassed in P V HAs, [44] ).
In fact, when one significant tsunami event occurs many factors characterizing the system (morphology of the coasts, bathymetry, exposure, etc.) might change and the previous hazard/ vulnerability/risk assessments should be updated. For this reason, sequences of tsunami waves immediately after a major tsunami event should be excluded by the P T HAs and eventually removed from the catalogues ( [45] ). In contrast, the cascade effects should be examined for each ST under the assumption that a triggering event may not produce any tsunami (even if potentially tsunamigenic) but its tsunamigenic potential may be assessed on the basis of the triggered event only.
We calculate the T otP T HA through Equation (4) by evaluating separately each P T HA i from the different ST i . As a special case, the Equation (4) can represent a single tsunamigenic ST if we set N T OT = 1. Then, the T otP T HA is equivalent to the P T HA i of Equation (2) . In the example of Equation (3) for the seismic sources, a bias would be introduced by neglecting the second addend of the equarion.
Each i-th ST i can be represented by a sufficient large number N i of independent physical sources. The j-th SE relative to the i-th ST is indicated by SE ij and the correspondent P T HA i is given by
In the seismic example, SE ij is the j-th specific earthquake event of given location, size and magnitude relative to the i−th type, that is the seismic one.
The underlying assumptions of Equation (5) are essentially the same of Equation (4) and the final T otP T HA is obtained by substituting Equation (5) in Equation (4) 
The total number of sources is
N i , that is the sum of N T OT sets of tsunamigenic source types ST i (seismic, mass failure, volcanic, meteorologic, cosmogenetic, anthropogenic) and each set is defined by N i tsunamigenic source events SE ij . In Equation (6) each p(Z ≥ z, ∆t; SE ij ) represents the P T HA relative to a single independent tsunamigenic physical source and is expressed by
The factors p(SE ij , ∆t) and p(Z ≥ z|SE ij ) may be related respectively to the "source phase" and the "inundation phase" of a tsunami event. This formulation is useful to separate the temporal occurrence of tsunami sources (evaluated often by P oisson models, [46] ) from the tsunami impacts (simulated usually by scenario models, [47] ).
Source Interactions and Triggering Events
Equations (6) and (7) are useful to consider possible triggers on sources and their interactions. The term Source Interaction SI is referred to the interaction process that may produce an extended set of potential events either tsunamigenic or non-tsunamigenic. The triggering event T E is a specific event of the extended set and it belongs to the same ST or a different ST .
For example, cases of SIs occur when slides are generated by earthquakes or eruptions. A case of T E is referred to: a specific volcanic eruption, that triggers an earthquake or landslide; an earthquake, that triggers another earthquake or landslide; a volcanic unrest episode that triggers an earthquake or landslide.
Given the hypotheses of Equations (4) and (6), even potentially tsunamigenic events may not generate tsunami. Thus, we can state that a generic event (tsunamigenic or not) may trigger another tsunamigenic event by only acting on the source phase in Equation (7) . Also, all ST s must be assumed independent in Equations (4) and (7), when one triggering event T E (or a set of independent T Es) occurs. In practice, each single source probability p(SE ij , ∆t) ∀i, ∀j can be updated in Equation (7) accounting for the occurrence of the T E. Then, the updated source probabilities can be used in Equation (6) to assess the T otP T HA.
Given a specific k-th triggering event T E the probability of occurrence of the specific SE ij due to the occurrence of the T E k is
Assuming that the SIs may produce different and independent T Es, the cumulated effect of all N T E possible T Es is
where the approximation holds if p(SE ij |T E k ) 1 and the terms of order higher than 2 are neglected. The interaction matrix p(SE ij |T E k ) represents the interactions among the different events and the terms of order higher than 2 in this matrix are related to a chain of interactions and triggering events. For example, the probability of occurrence is neglected in the case of a volcanic eruption that triggers an earthquake that triggers a slide that causes a tsunami (cascade of events).
We define p * (SE ij , ∆t) the total probability of occurrence of the SE ij in the time interval ∆t due to its intrinsic probability of occurrence and to a possible SI
The approximation is possible since non-interactive source probabilities are usually 1, then (1 − p(SE ij , ∆t)) ≈ 1. We underline that Equation (10) is based on two fundamental assumptions:
(1) the triggering mechanisms are independent, meaning that two or more T Es sum their effects in term of probability, but the combined effects do not result in a further amplification of the tsunami parameters at the coast; (2) only first order interactions are modeled and second order (or higher) are assumed negligible.
We substitute the source phase probability p * (SE ij , ∆t) of Equation (10) for the non-interactive probability p(SE ij , ∆t) of Equation (6) . Finally, using the updated probability of Equation (7) we evaluate the SI effects due to all ST s and assess the T otP T HA.
Catalogue Completeness and Source Representativeness
In general, the completeness analysis consists of a screening of the data collected in a database/catalogue in order to evaluate the degree of representativeness of the real system and the influence of the missing information on the final assessment. In many cases, the tsunami catalogues are much less complete than other catalogues (for example the seismic catalogues) and this plays a fundamental role in hazard assessment. In fact, (i) small datasets imply a high level of uncertainties and (ii) non-representative datasets may introduce important biases in the results (to be compensated by other means). Indeed, those aspects pose an intrinsic limitation when a database/catalogue of rare source events is used for probabilistic hazard assessments because it is not adequate to explore the whole potential aleatoric variability. Now we consider the problem of the representativeness of the subset of the innumerable possible sources (in the cases of SEs, ST s, T Es) and we discuss the unbiased P T HA, assuming a certain completeness of the available catalogues of the past events.
• Source representativeness (SE repres )
It is related to the fact that some SEs of a given ST may be not considered in the P T HA. Given a set of SE ij , we may evaluate the source representativeness for the target site computing M 1 /T 1 , where M 1 is the number of tsunamis generated by the SE ij and T 1 is the total number of tsunamis due to that ST . For example, in the case of the seismic ST let us assume that the sources SE ij (i = earthquakes, and j = 1, ..., N i numbers of events) are located in a delimited study area at given distance from a target site. In this case, the most distant seismic sources are neglected and only near sources are assumed representative of all seismic sources, meaning that the P T HA cannot be influenced by far earthquakes. However, tsunami are known to travel long distances and excluding far-field sources may lead to underestimations of the tsunami hazard. M 1 is the number of tsunamis from seismic sources belonging to the study area and T 1 the total number of tsunamis due to the earthquakes. If the ratio M 1 /T 1 is close to 1, we might have chosen a good subset of all possible SEs of the ST i to evaluate the P T HA at the target site. For simplicity in the example we assume that all sources are well represented with respect to one source parameter, that is the location. In a complete discussion, the source representativeness should include all other parameters describing the source (magnitude, depth, focal mechanism, fault geometry).
• Source-type representativeness (ST repres )
In this case, several ST s may be neglected in the P T HA. A source-type representativeness can be estimated by M 2 /T 2 where M 2 is the number of tsunami events at the target sites as reported by catalogues and and T 2 is the total number of tsunami events from any possible ST .
For example, in the case of different ST s like earthquakes, submarine mass failures and eruptions we need to evaluate the bias introduced by neglecting sub-aerial slides and meteorites. If the number M 2 /T 2 is close to 1, it is reasonable to neglect other ST s.
• Interaction-source representativeness (T E repres )
The interactions of the sources may significantly modify the P T HA, especially in short-term applications. This implies that if one (among many) interaction-source is not considered, the resulting P T HA is biased. An interaction-source representativeness can be formulated by M 3 /T 3 , where M 3 is the number of tsunami due to cascade effects known by experimental or modeled interaction-source cases, and T 3 the total number of all possible tsunami. However, this ratio is subject to underestimation, since the identification of all the interactions is difficult and in many cases the evaluation of T 3 may be subjective ( [39, 40] ).
Source Interactions in Long-and Short-Term TotPTHA
In the long-term hazard assessments it is common to consider the ∆t of order of years/decades. In the short-term hazard assessments the ∆t is of order of hours/days/weeks/months.
The effects of the SIs are automatically included into the estimation of the source probability in long-term hazard assessments based on catalogues of the past SE occurrence. For example, this is the case of the undifferentiated catalogues of the seismic sources. Also, in the tsunami catalogues the interaction episodes are usually included, and thus p * (SE ij , ∆t) is directly estimated using the past occurrence of the T Es. However, such interaction effects may be not present in long-term applications if the analysis is based on a single type of source. This analysis can be supposed unbiased only if the probability p(SE ij , ∆t; T E 1 , ..., T E N T E ) is assumed negligible with respect to the non-interactive source probability in Equation (9) (11), then the standard non-interactive p(SE ij , ∆t) can be used for the long-term tsunami hazard assessment in Equation (7) p(SE ij , ∆t) ⇒ T otP T HA long−term (12) If the specific T E k occurs, then the probability p(T E k , ∆t) is ≈ 1 and the approximation in Equation (11) is not valid. Indeed, p * (SE ij , ∆t) should replace p(SE ij , ∆t) in Equation (7) because p * (SE ij , ∆t) varies remarkably from its background long-term value. In this case, we explicitly account for the SI effects and the occurrence of T E k may strongly affect the tsunami hazard in the short-term assessment p * (SE ij , ∆t) ⇒ T otP T HA short−term (13) For example, during an off-shore seismic sequence the probability of strong earthquakes may increase of several orders of magnitude with respect to long-term assessments ( [48] ). During the seismic sequence the probability of all seismic events increases significantly and in the same area also the probability of tsunamigenic earthquakes may increase. As a consequence, p(T E k , ∆t) (≈1) is not comparable to p(SE ij , ∆t) ( 1). Similarly, during a volcanic unrest episode the probability of tsunamigenic eruptions (and also earthquakes, and landslides) may increase significantly. Then, "seismic sequence" and/or "volcanic unrest" should be part of the set of possible T Es and their effects should be evaluated to assess the short-term T otP T HA. Those cases pose the issue of the time delay dt passed from the triggering event to the subsequent induced source event. An event is supposed to be a trigger if dt ∆t.
3. The T otP T HA Application: Naples and Ischia (Italy)
The scope of the present study is the evaluation of feasibility of the comprehensive T otP T HA methodology in the multi−hazard/multi−risk context for the ByM uR Italian project: Bayesian Multi-Risk Assessment: A case study for natural risks in the city of Naples (http : //bymur.bo.ingv.it/). The ByM uR region was chosen since it may be threatened by several natural hazards and risks of different origin (e.g., volcanic, seismic and tsunamigenic). In the application, the tsunami multi-source assessment is focused on two different types of source (near-field seismic events and mass failures) considering a sufficiently large number of sources. This raises a comment on the other types of tsunamigenic sources. According to the Italian Tsunami Catalogue ( [49] ), tsunami waves due to volcanic activities occurred in 79, 1631 and 1906. The events are reported with tsunami intensity 2 in Ambraseys-Sieberg Scale (generally, an event of tsunami intensity ≥3 produces run-up of approximately 1 m while for tsunami intensity equal 2 there is not a clear estimation) and with different reliability. The volcanic sources identified in the region are the V esuvius and the Campi F legrei caldera. For a complete evaluation of the hazard, these volcanic sources should be examined in a separate volcanic tsunami hazard assessment to evaluate how the volcanic activity produces tsunami waves in the target area. Once the impact of the tsunamis generated by those sources is evaluated, it would be possible to include them in a multi-source context.
Considering the illustrative purposes of this methodological study, volcanic sources are not included and the selected sets of ST s for the T otP T HA in the region are
• Submarine Seismic Sources (SSSs), • Submarine Mass Failures (SMFs). Figure 1 reports the spatial framework of the potentially tsunamigenic sources and the target sites. The target sites for the tsunami hazard assessment are located in the port of the city of N aples and in the island of Ischia.
For the T otP T HA at the target sites the chosen tsunami parameter Z is the run-up and is calculated for each tsunami caused by each SE of each ST , similarly to [12] and relative application, [13] . Main characteristics and parameters of the sources are described in the next subsections explaining how they are sampled to construct the statistical datasets. In general, each SE is assumed independent from the others. The SEs may be different in magnitudes and size, even if they belong to the same specific ST . Also, each SE is defined by a set of parameters that simplify the geometric shape of the correspondent source. Then, we estimate the T otP T HA by Equation (6) computing each P T HA i (i = SSS, SM F ). For simplicity, in the P T HA i factorization we indicate the p(Z ≥ z, SE ij ; ∆t) by P i . This is the probability that the tsunami parameter Z overcomes the threshold values z in the time interval ∆t considering N j (j = 1, ..., N i ) source events SEs of N i (i = SSS, SM F ) source types ST s. In order to determine the P T HA i , the probabilities of occurrence of the SEs of the different ST s are assessed through the following independent factors: spatial probability P spat i
, frequency-size probability P size i
, and temporal probability P temp i . Different ST s have different likelihoods and the relative return periods can be longer than the historical records. So that, we express the probability by P i × year −1 for the comparisons.
Finally, we present a discussion on how the T otP T HA changes in the short-term after a possible seismic triggering event in the region. • Geometric Parameters. The geometric parameters of the faults are associated to each SSS location. According to the hypothetic M w , the lengths L , widths W and slips S of the fault are scaled by Wells and Coppersmith's formulas ( [53] ). To introduce a certain variability the fault parameters were sampled twice considering different values (randomly chosen) in the relative interval determined by the standard deviation of the fault parameters provided by Wells and Coppersmith. Orientation angles (strike, dip, and rake) are predefined for each location by associating the angles of the nearest submarine fault coherently with the geological/tectonic setting of the area considering also inland faults ( Figure 1 and Table 1 ). The choice of faults is based on the current knowledge of Holocenic active faults even in terms of kinematics and geometry in the vicinity of the study area. Indeed, we considered existing catalogs of Holocenic active faults (DISS) and relevant published papers ( [54, 55] ).
• Tsunami Initial Wave and Tsunami Wave Propagation. Two widely accepted assumptions in tsunami modeling are: (i) setting the tsunami initial condition to be equal to the vertical sea floor deformation and (ii) using the linear shallow water theory to describe tsunami propagation in deep waters, where non-linear effects are still negligible. The former is computed by Okada's analytical formulas ( [56] ) using the source parameters described in the previous section. The latter solves numerically, the conservation of mass and momentum equations for an incompressible fluid expressed by ∂η ∂t
where t is the time variable, x and y are the horizontal space coordinates, g is the gravity, D is the total water column (D = η + H, being H the average water fluid height at the undisturbed level), η is the surface water elevation and M and N are the discharged fluxes, defined as the product of the total water column D and the corresponding horizontal components of the velocity u and v directions, respectively in the x and y directions, i.e., M = Du and N = Dv. Equations (15)- (17) are used to propagate the tsunami waves in waters deeper than the 50m isoline, since in shallower water depths the contribution of the non-linear terms cannot be neglected. Similarly, the frictional terms are not included in this formulation, since their importance become relevant as the waves reach the shallower areas close to the coast. The computational grid is a regular mesh (composed by squared cells having side length = 50 m) and it has been set up by matching the GEBCO (http : //www.gebco.net/) 30 arc-second bathymetry and the SRT M (http : //srtm.csi.cgiar.org/) 90 meters topography datasets. The two assumptions defined above are still a powerful compromise that allows us to represent the most relevant tsunami features (i.e., the main front height and its directivity) with a relatively low computational time cost for each simulation.
• Coastal Effects and Tsunami Impact Evaluation. The final number of initial tsunami waves is N SSS = 588 according to the described SSSs. The tsunami amplification at the coast is estimated for each tsunami wave using the Green's law based on the energy conservation law. By considering that (i) the wave front is almost parallel to the coast because wave refraction is towards the directions of the down-gradient depth and (ii) the convergence and/or divergence of the rays can be neglected we apply the formula:
where H 1,50 and d 1,50 are respectively the tsunami amplitude and the sea depth and the suffixes 50 and 1 refer respectively to the 50 m and 1 m depth isolines. Here, run-up estimation is found by setting H 1 = 1m as the last wet point, in order to avoid singularity in Equation (17) . The use of the Green's law close to the coasts is a common approach for rapid estimation of the maximum tsunami wave height for both probabilistic hazard ( [11] ) and warning purposes ( [57] ) and its good agreement with computational results has been demonstrated by [57] . Despite the limit of neglecting the wave reflection that somehow the coast may introduce, an overestimation of the run-ups resulted not relevant. As a consequence, we consider the H 1 values equivalent to the run-ups Z at the coastal points of the target sites.
P SSS
• Spatial probability P spat SSS . The locations of the submarine epicenters associated to the instrumental records are considered equiprobable and the relative depths of the hypocenters are assigned randomly between 0 and 15 km of the crust. If necessary, the depths of the hypocenters are conveniently lowered for consistency with the Wells and Coppersmith's formulas.
• Frequency-Size probability P size SSS . Large earthquakes are less likely to occur compared to events of smaller magnitude. The SSSs frequency-size relation, known as the Gutenberg-Richter's law ( [58] ) is computed using a large set of instrumental data in the Tyrrhenian Sea. The events are extracted from the ISIDe database (with location at sea and epicenter depths ≤ 15 km). The completeness magnitude is M w = 2.3 for this database and the resulting b-value is equal 1.059. Each 0.1 interval of magnitude in the range [5.5-7.5] identifies a class of magnitude which is weighted using the SSSs frequency-size relation and is associated to each seismic source.
• Temporal probability P time SSS . The annual probability is calculated by the P oisson occurrence that is 1 − e −λ∆t , where λ is the annual rate of occurrence of the potential tsunamigenic SSSs and ∆t is the exposure window. The λ is computed in the Tyrrhenian Sea using the ISIDe instrumental data and is 0.01059. 
SMFs
• Spatial Identification. The spatial failure probability of a SM F to occur is identified on the basis of some predominant controlling factors deduced by previous background studies: (1) statistical analysis indicated that the slope angle and the depth of the centre of mass are principal controlling factors ( [61] ); (2) scars observations indicated that the past mass failures left unstable margins ( [62] ); (3) earthquake occurrences increase the slide instability ( [63] ). In order to compute the spatial probability, the Tyrrhenian Sea was divided in square cells of 1 .
The length of the cells is of the same order of magnitude of the major slide indicated by the past events referred in Table 1 . Each cell is designed by a weight that is the sum of scores that quantify the informative features. On the basis of points (1), (2) and (3) as discussed in another application study [13] . The factor of safety F s is computed following [64] :
where φ is the slope angle, γ and γ are the total and buoyant unit weights of the sediment (typical values are chosen considering the sediment distributions in the Tyrrhenian Sea by [65] ), a x and a y are the horizontal and vertical ground acceleration due to the earthquakes expressed in terms of % of gravity, r u (=u e /γ ζ) is related to the exceeded pore pressure u e and the sediment thickness ζ, tan ρ is the coefficient of friction (ρ generally ranges between 20
• and 35
We simplify by eliminating the terms containing a y and r u because the vertical acceleration may be neglected. Also, the u e excess pore pressure is considered equal nil. This simplification does not take into account the excess pore pressure development for the slides during a seismic event ( [66] ). The use of the u e value requires a specific knowledge of the accumulated materials at sea that is not available. The case F s < 1 indicates instability, F s = 1 is the limit equilibrium and F s > 1 indicates stability. The horizontal peak ground acceleration (P GA) is set from the best estimate values of the Italian Hazard M ap (2004 -http : //zonesismiche.mi.ingv.it/). In each cell we consider the P GA values with the probability of excedence of 16% and 84% in 50 years. The correspondent median value is used in Equation (14) with the underlying assumption that such a value represents a reliable indication of the earthquake load that can increase the slide instability and the subsequent probability of mass failure. The highest scores are used for the steep slopes because often they belong to flanks of volcanic structures in the Tyrrhenian Sea. The cell weights range from 1 (the case of cells presenting low mass failure probability to occur where the slope is <3
• , the depths are either <1000 m or >1300 m and the seismicity is low) up to 40 (the case of cells presenting high mass failure probability to occur where the slope gradient is sharp and the depths are between 1000 m and 1300 m in an area of high seismicity). The geological records indicating past failures are reckoned by additional weights. The increment corresponds to the number of the past SM F s (Table 2) . Finally, based on the cell weights we compute by normalization the SM F probability of occurrence, that is predominant: (1) [68] . The upper class is derived from historical slide sizes mapped using marine geological technique by [69] . A wide set of potential mass failures is produced associating each SM F class to each square cell of 1 in the Tyrrhenian Sea. For practical reasons, we consider the SM F geometrical parameters in two separate dataset: slides (generally defined as thin, translational failures traveling long distances) and slumps (generally defined as thick, rotational failures occurring with minimal displacement). The slump failures span in the first 4 classes for a total number of events N slump = 10, 000, whereas the slides span in the full range of the 5 volume classes for an equivalent number of N slide = 10, 000. The total number of SM F events are N SM F = 20, 000.
• Geometric Parameters. On the basis of the rigid body approximation the length l, thickness s and width w deduced by the hypothetic volumes of the mass failures are the basic parameters describing the mass failures. Their regular shape is further simplified as a function of the SM F length, following [70, 71] . In other words, it is s ≈ 0.01 l and w ≈ 0.25 l in the case of submarine slides, and s ≈ 0.1 l and w ≈ l in the case of submarine slumps. As a consequence, having set the mass failure volumes we simply computed the related parameters l.
• Tsunami Initial Wave and Tsunami Wave Propagation. It is calculated by empirical laws that represent approximations at the first order of the initial tsunami wave amplitude η ( [71] ) in the case of slides η ≈ 1.7410
1.75 (19) and in the case of slump
where φ is the incline angle, d is the depth of the centre of mass of the submarine slide or slump, coef ∆Φ is the difference between the initial and the final angles of the centre of mass. For specific values we refer to previous application in [13] . 
where φ is the average coastal sea-bottom slope angle in front of the target sites, η (=2η ) is the tsunami wave height, and d is the water depth at the source. This empirical law does not consider: (i) wave propagation effects (refraction, diffraction, etc.) and (ii) nonlinear process (breaking, dispersion, etc.). Here, we produce a first order tsunami hazard assessment of mass failures that has to be compared with the tsunami hazard assessment of the seismic type in order to apply the methodology in the region.
P SM F
• Spatial probability P spat SM F . The spatial domain is divided in cells where the spatial probability is calculated. The score parameters associated to each cell (see previous paragraph) are converted in spatial probability and normalized to 1, following [73] .
• Frequency-Size probability P size SM F . A power law is calculated for the SM F s similarly to the SSSs case by considering known submarine mass failures in the Tyrrhenian Sea ( [13, [74] [75] [76] ). The corresponding b-value (= 1.3114) is computed in order to weight the mass failure classes. Considering the wide range of events the volumes of the SM F s were grouped in 4 (slump cases) or 5 (slide cases) classes weighted by the frequency-size relation.
• Temporal probability P time SM F . Also in this case the annual probability is calculated by the P oisson occurrence 1 − e −λ∆t , where λ is the annual rate of occurrence of potential tsunamigenic SM F s in the ∆t exposure window. The λ is 0.013, computed using the available geological background knowledge. 
The T otP T HA long−term
Finally, the P T HA i is assessed by each factor P i through Equation (7) p
where H(Z ≥ z) is the Heaviside step function (that is 1 if the run-ups Z are larger than the threshold levels of z ∈ [0.5 m, 1 m, 2 m, . . . , 10 m] and 0 in the other cases) and the factors P i represent the non-interactive source probabilities. If P i defines the probability of occurrence of at least one tsunami event and (1 − P i ) the generic probability that no tsunami occurs, then the final probability P long−term is
that combines both factors P i (i= SSS and SM F ). The T otP T HA long−term is shown in Figure 2 and the relative probabilities × year − 1 of z ≥ 0.5 m and z ≥ 1 m at the target sites N aples and Ischia are listed in Table 3 . Equation (23) takes into account also tsunami events produced by SM F s triggered by SSSs assuming that the sources are independent. This assumption is realistic by considering the time lag between a SSS event and the triggered SM F event. In other words the two events are well separated in time: the triggering event occurs in a time duration of an order of seconds, the triggered event may occur after minutes or hours.
5. The T otP T HA short−term in the Case of the T Es
The T otP T HA can be modified (and eventually increased) by the occurrence of an earthquake. Now we compute the T otP T HA short−term through time at both target sites in case a triggering event T E occurs, that is one submarine earthquake of magnitude M T E at time t T E . To model the influence of T E on the other potential seismic sources we apply the epidemic-type aftershock sequence (ET AS) model ( [77] [78] [79] [80] ) to the seismicity of SSSs in the region. The fundamental concept of the ET AS model is that each earthquake can trigger subsequent events ( [50, 81, 82] ) and seismicity can be generated by the aftershocks. Also the model assumes that the aftershock activity cannot always be predicted by a single modified Omori function but each aftershock is able to perturb the earthquake rate and generate its own Omori aftershock decay dependent on the magnitude ( [83, 84] ). In general, the temporal seismicity rate λ of a specific area is the sum of two terms ( [85] :
the first term (λ b ) is the rate of background that is not triggered by the previous earthquakes in the catalogue and the second one (λ ET AS ) is the rate of the triggered event that is associated to the stress perturbations generated by the previous earthquakes in the catalogue. In this practical application, the background seismicity rate is considered equal to the one computed in the long-term analysis. According to the ET AS model assumptions the total space-time conditional intensity is the probability of an earthquake occurring in the infinitesimal space-time volume conditioned to the past history [85] . For simplicity, we consider only one main shock T E and we neglect the sequence of aftershocks. It is worth to note that this results in an underestimation of the effect of a large T E on the final tsunami hazard. The λ ET AS represents the contribution to the annual seismicity rate in the region in each location and it is expressed according to [85] by
where t T E (=0) is the time when the T E of moment magnitude M T E = 5.4 occurs, t ob is the observation time after the T E, M c is the completeness magnitude of the instrumental catalogue, r i is the distance between the potential tsunamigenic SSSs and the epicenter of the T E and β = b ln (10) is the parameter of the Gutenberg-Richter's law (b = 1.059). The values of the other parameters in Equation (25) are: K = 0.011, c = 0.00004, Π = 1.16, α = 1.3, G = 1.1 and q = 1.5 according to [85] . As stated in Equation (13), the T otP T HA short−term is performed again through Equation (6) where the source phase probability in Equation (7) is assessed accounting for SI through Equation (10)
where the first term is assessed by Equation (22) and λ ET AS through Equation (25) . We consider an exposure time window ∆t of 7 days. The results are shown in Figure 3 at the target sites.
Immediately after the T E event (after 1 day, 2 days and 7 days) the probabilities increase. For example in the case of 0.5 m and 1 m run-up the T otP T HA short−term is three order of magnitudes higher than the T otP T HA long−term (Table 4) . On the other hand, 30 days after the T E there are no more significant effects on the T otP T HA short−term and the probability values are back to the T otP T HA long−term assessment. In the case of Equation (26) the independence between the T E and the SSS is assumed. Also, the choice of M T E = 5.4 makes the T E an external event to the dataset used to evaluate the p(SE ij , ∆t). Table 4 . T otP T HA short−term to overcome 0.5 m and 1 m run-ups after 1 day, 2 days, 7 days and 30 days due to the T E considering the exposure time window of 7 days at the island of Ischia and the port of the city of N aples. In this paper we describe a general methodology for a comprehensive and total probabilistic tsunami hazard assessment (T otP T HA) that coherently merges the probabilistic hazards computed on the basis of a number of tsunamigenic events due to different source types. In practice, we evaluate the methodology and its potential by selecting two target sites in Italy as illustrative cases, the city of N aples and the Island of Ischia. In order to show the applicability of the T otP T HA methodology many important simplifications are required and their limitations in the application are discussed. However, we would like to remark that this case study means to be illustrative of the proposed methodology for the T otP T HA without meaning to be complete for the final hazard assessment.
On the basis of historical information from the Italian Tsunami Catalogue ( [49] ) three definite (maximum reliability) tsunami events occurred in N aples (in 1631, 1805, 1906) with tsunami intensity 2 in Ambraseys-Sieberg Scale. They were associated to earthquakes or volcanic activity. There is no explicit reference to tsunami caused by submarine mass failures in the historical period. On the other hand, extensive long-range side scan sonar survey ( [86] ) showed that a catastrophic collapse occurred in pre-historical time (3000-2400 years before present) at the Ischia Island driven by the volcano-tectonic uplift of Mt. Epomeo. This major collapse was likely followed by less catastrophic terrestrial and submarine failures. Simulation of such event showed that giant waves could impact on the Tyrrhenian coasts ( [87] ).
Firstly, to compute a fully comprehensive T otP T HA in the region, multiple tsunamigenic sources must be taken into account. In fact, the estimation of the P T HA considering only a single type of source (the seismic one) may generate biases and underestimations. In the application at the two target sites we evaluate the tsunami hazard produced by the submarine seismic events and the submarine mass failures. Other sources, related to the volcanic sources like the pyroclastic flows and the caldera activities should be considered. Even if we recognize their importance in the area in terms of ST repres and the possible implications on the T otP T HA they are not explored in this application. Major information are missing on the tsunami waves associated to volcanic events in the area. Therefore, in the present application we do not include the volcanic sources in order to avoid additional biases.
Secondly, the analysis is focused on the near sources, both SSSs and SM F s, and the choices of the source datasets pose the problem of the SE repres . Source information on seismic faults decrease with the distance from the Gulf of N aples and are often unknown/incomplete. In the past two millennia there is no reported seismic event far in the Tyrrhenian Sea that produced tsunami waves at the target sites. The use of the instrumental database is an additional way to identify the active faults offshore. In the application case, the database ISIDe indicates a region of interest wider than the existing faults but covers a very short time period. The missing information in the database have to be compensated by the general background knowledge of the tectonic/geological setting. In order to overcome the afore-mentioned limitations of the databases/catalogues we should consider alternative strategies aimed to enlarge the number of events considered in the dataset. A solution could be the introduction of a gridded domain to systematically explore the potentially tsunamigenic SSSs in unknown locations. In this way, the source dataset is expanded by identifying the grid centers and/or corners as locations of the epicenters in the binned domain. Also, we can use a larger set of faults by adding more randomness in the other parameters. Other relevant far sources may be identified in the Southern Tyrrhenian Sea and the Northern African coasts to complete the dataset of the SSSs. The limitations posed by the completeness and the length of the databases/catalogues indicate the need of further studies in the area of the application.
Beside the problem of a missing complete catalogue also for the SM F case, the description of the mass failures and the computation of the relative run-ups undergo to simplifications and approximations that do not take into account distance, orientation and bathymetry between sources and target sites [88] . A slide modeling would improve the determination of the run-ups by using more realistic slope and water depth in the shallowest part of the domain. As a consequence, uncertainties related to the Z parameter would be reduced.
Despite the discussed limitations, important achievements have been obtained by applying the T otP T HA methodology for the multi−source case. In both target sites the multiple-source effect on the T otP T HA is the increasing of the hazard in the long-term analysis compared to the hazard posed by a single type of source. In fact, the T otP T HA in the long-term case remarkably increases after considering submarine mass failures along with the potential submarine seismic events. Even in not definitive analysis (like the present application), once the multi−hazards are formally assessed and the relative importances of the P T HA SSS and the P T HA SM F terms are computed in the T otP T HA long−term then it is possible to consider the source interactions. In the case of a triggering seismic event there are relevant changes in the short-term T otP T HA.
Conclusions
The scope of this study is to present a methodology for the total probabilistic tsunami hazard assessment (T otP T HA) produced by multiple tsunamigenic sources in the framework of the ByM uR Italian project: Bayesian Multi-Risk Assessment: A case study for natural risks in the city of Naples (http : //bymur.bo.ingv.it/).
In an exemplified application we illustrate the methodology at two target sites (the port of N aples and the island of Ischia) focusing the analysis on: (1) the multi-hazard approach and (2) the long-and short-term hazard assessments.
1. We demonstrate the applicability of the proposed comprehensive T otP T HA to treat the interactions among different tsunami hazards. Indeed, in the selected region the tsunami waves may be generated by different types of sources (near submarine seismic events SSSs and submarine mass failures SM F s) at the target sites. We computed the T otP T HA long−term × year −1
and we show that the hazard curve increases when non-seismic ST s are included in the analysis and formally considered together rather than separately; 2. We compute the T otP T HA short−term by considering a submarine earthquake as triggering event T E. In other words, a seismic event (external to the seismic dataset used to produce the hazard) acts as a perturbation of the regional seismicity. We show that the T otP T HA short−term changes remarkably compared to the T otP T HA long−term and increases for a limited time window (few days).
In order to perform a more realistic and complete T otP T HA for the selected target sites, further improvements are needed by considering, for example, the tsunamigenic volcanic sources and the far field seismic sources in the Southern Tyrrhenian Sea and Northern Africa coasts. However, we have illustrated how the proposed T otP T HA methodology can be applied in order to potentially consider any kind of tsunami sources and their interactions for both short-and long-term hazard purposes.
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